In this paper we use an approach based on a Buffon-Laplace type problem for an irregular hexagonal lattice and obstacles to study some problems about analysis of the railway network operations safety in the presence of different obstacles on the route.
Introduction
In case of a railway transport system, referring to suitable, variable characteristics, such as the infrastructure utilization demand and the offered resistance capacity, it is possible to evaluate the related conditions of the system reliability, so that the relevant safety and operations quality standards are optimized.
In particular, the global safety of the system is structurally linked to the characteristics of reliability and vulnerability of the single line sections that constitute the network (station nodes included) where the various passenger and freight trains run; so, if we analyze the generic j-nth route on the network (taking into account the general effects produced by each i-nth component that constitutes it, with i=1,. . . .,n) among the m routes that form the K network altogether and that are characterizing the examined optimization problem, the two above mentioned resulting indicators assume, respectively, the form of:
From the vectorial point of view, the (1), built the related column vectors (n order)
. . .
and considering the whole of m component vectors, we have
On the basis of the obtained variables values (vectors moduli), it is easier to check the compliance of two particular conditions characterizing the studied system: M=R-D>0 (safety margin); F =R/D>1 (safety factor ).
Known the probability functions of the aforesaid random variables, the probability that a vulnerability limit status is reached, is expressed by the integral sum of probabilities that the safety factor F is included in the interval [0,1],
where f Φ is the density function of the variable F probability, while the corresponding reliability is measured by the expression: P a = 1 − P r.
Possible anomalies along the line, such as the presence of obstacles of different size and kind that may occupy the railway track, represent further criticalities for safety, whose effects can be, however, previously and suitably analyzed, also in order to outline proper alternative routes to assure, in case of emergency, the transport service until the foreseen final destination, for each Origin Destination relation (O-D matrix) interesting the customers. This is possible, for example, if we refer to a particular mathematical characterization of the problem, using a methodological approach based on stochastic geometry and geometric probabilities elements and by building a special graph representing the network ( fig. 1 ).
Fig. 1 -Example of a typical railway network graph
This will be formed by a union set of geometrical figures forming particular lattices made up -in the most general case dealt with by this paper -also by irregular geometric figures (we are now going to consider, as an example, irregular hexagons) -in the referred Sm geometrical space. With particular test bodies (mathematic models), representing the trains, it is so possible to study the relative motion in and the possible interferences on them generated by obstacles (of different form and size) along each section h-k of the considered network.
In the railway field, these test bodies, in the analysis we are going to carry out, can be assumed as segments of suitable length l (in order to schematize a train with a high number of carriages, such as for a freight train, etc.), or formed by rectangles with l 1 e l 2 sides (like in the case of a high speed train, a regional train, etc.).
In order to find the mathematical solution of the problem, in the following approach we will assume, however, that each side of the lattice give the same resilience of the advancement of the test body. More, will take the form of an irregular hexagon to generalize the problem , that as has been already studied with by the Authors in previous papers concerning cases with regular geometric figures only), while as to the obstacles on the railway track interfering with the train running, they will take a different generic form, both triangular and circular (e.g. representing the section of a broken tree fallen on the track, etc.); finally, it will be used a constant length segment l as test body, in order to explain the studied problem more easily.
2
The mathematical characterization of the generalized problem through lattices with irregular obstacles placed on the railway track. and where the obstacles are isosceles triangles with m/2, m/2 sides and circular sectors with m/2 radius, with 0 ≤ m < min (a, atgα).
It results from fig. 2:
With these values we obtain
We now consider a segment s with random position and constant length l < min (a − m, atgα − m) and we want to determine the probability that this segment intersects one side of R reticule; this probability is equal to P int probability that segment s intersects one side of lattice.
The position of segment s is given by itscenter and by the angle ϕ that it forms with BC side of the cell C 0 .
We calculate the probability P int considering the limit positions of segment s, for a set value of ϕ, in cell C 0i , (i = 1, 2, 3, 4).
Indicating with C 0i (ϕ) the polygon determined by these positions we have fig. 3 A
Taking into account this figure, we have
area By fig. 4 it results
1.
From triangle A 1 A 3 A 4 and with (4) we have
and the condition
then, with (9), we have 
The relations (12) and (13) give
In order to calculate area a 3 (ϕ), we consider following figure We have
Furthermore, with (5) we have Now from fig. 7 we have
But given G 1 G 2 B 6 B 7 e GG 1 BC , it follows
So the triangle GG 1 G 2 gives
Therefore 8 gives
Furthermore, with (16), we have
The relations (17) and (18) give
By figure 9 it results that
and, with (16) ,
As a consequence
Replacing in (7) the expressions (14), (15), (19) and (20) we obtain From figure 10 
From triangle BB 6 B 7 it results
, that is,
In view of (23) we can state
furthermore,
And taking into account (5)
From figure 12
.! Fig. 12 we have that
and in view of (25)
that is,
The formulae (26) and (27) give Fig. 13 gives
Taking into consideration (24) we have
Replacing in (8) the expressions (28) and (29) we obtain
Indicating as M i the whole of s segments that have the medium point in C 0i , (i=1,2,3,4) and as N i the whole of s segments fully contained in C 0i , we have [15] :
where µ is the Lebesgue measure in the Euclidean plan The measures µ (M i ) e µ (N i ) are calculated by using the Poincaré [14] kinematic measure: 
therefore, for cells C 01 e C 02 , we have
With these values we can state
and, taking into account the formula (21),
Then, taking into account the formulae (22) and (30), we have
The relations (31), (32), (33), (34) and (35) give
In particular, for m = 0 e α = π 4
, we obtain the researched probability
Conclusions
The goal of this paper was the construction of suitable mathematic relations aimed at carrying out an adequate analysis of the possible interference of trains running at a given speed V (supposed to be constant) on a given element of the network (belt line, node, etc.), with the possible presence of obstacles of different forms.
The achieved results allow the extension of the study on the investigated geometrical probabilities to the more general case of complex lattice with obstacles with irregular geometric form along the route of running trains (as in fig.  1 graph) , really representative of the railway transport network that, in practice, will have to be examined in order to evaluate the possible interferences, so that the various profiles of railway safety can be fully optimized.
In this case, the calculation will have to consider also the rotation of angle j between the axis Ox and the line supporting the test body s, as resulting from the expression (5) .
Finally, the variable l will have to be replaced with a suitable value, to be found in function of the particular case study and depending on the specific type and characteristics of the train (e.g., freight or passenger trains.
